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Abstract 

We investigate the continuum limit of the edge-state Hamiltonian of a two-dimensional symmetry-

protected topological (SPT) model with (× ℤ3)
3 = ℤ3 × ℤ3 × ℤ3 symmetry. Starting from the lattice 

Hamiltonian, we first reformulate the model in terms of 𝕊3 generators and subsequently introduce a 

constrained Schwinger-like fermionic representation. Within this formulation, the relevant operators 

are expressed as fermionic bilinears, while non-local Jordan–Wigner string operators do not appear 

explicitly. At the critical point, 𝜆 = 𝜆‾, we show that the continuum Hamiltonian supports gapless 

excitations with a linear dispersion relation, consistent with a conformal description of the edge theory. 

Using a mean-field treatment of the interaction terms, we further obtain a preliminary estimate of the 

finite-size correction to the ground-state energy. The corresponding effective central charge, 𝑐 = √3 ≃
1.73, is remarkably close to the numerical value previously obtained for the (× ℤ3)

3 SPT edge model 

and to the value predicted by the 𝑆𝑈(3)2/𝑆𝑈(2)2 coset conformal field theory. Although this 

derivation remains heuristic, our results suggest that the constrained fermionic formulation provides a 

natural framework for describing the low-energy continuum limit of (ℤ3)
3 SPT edge states and may 

serve as a useful starting point for a more systematic derivation of the underlying conformal field 

theory. 

Keywords: statistical physics, symmetry-protected topological phases, ℤ𝟑 symmetry, chain 

Hamiltonian of edge states 

 

1. Introduction 

Symmetry-protected topological (SPT) phases are quantum phases of matter that lie beyond the 

conventional Landau paradigm of symmetry breaking [1, 2, 3]. Unlike conventionally ordered phases 

characterized by local order parameters, SPT phases possess a gapped bulk with short-range 

entanglement while supporting robust boundary excitations protected by global symmetries. As long 

as the protecting symmetry is preserved, these boundary states cannot be removed by local 

perturbations without either closing the bulk energy gap or breaking the symmetry. This bulk-boundary 

correspondence is one of the defining features of SPT phases [1, 4]. 

Two-dimensional SPT phases are particularly interesting because their one-dimensional 

boundaries provide a natural setting for realizing anomalous quantum systems. The symmetry action 
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at the boundary generally cannot be implemented in a purely one-dimensional lattice model as an 

onsite symmetry independently of the nontrivial bulk. This obstruction is characterized by a nontrivial 

’t Hooft anomaly, which implies that a symmetry-preserving boundary cannot, in general, be 

simultaneously gapped and nondegenerate. Consequently, the boundary must either remain gapless, 

spontaneously break the protecting symmetry, or, when allowed by dimensionality and the 

corresponding degrees of freedom, realize a more exotic boundary phase [5, 6]. 

Among discrete symmetry groups, the cyclic group ℤ3 provides the simplest extension of the 

familiar Ising ℤ2 symmetry while already exhibiting considerably richer physics. Bosonic SPT phases 

protected by (× ℤ3)
3 symmetry are classified, within the group-cohomology construction, by 

 𝐻3((× ℤ3)
3, 𝑈(1)) = (× ℤ3)

7, (1.1) 

and therefore admit a large family of distinct SPT phases characterized by different cohomology 

classes [1, 4]. Their edge theories may carry the corresponding (× ℤ3)
3 anomaly and therefore cannot, 

in general, be realized as ordinary one-dimensional systems with a purely onsite implementation of the 

same symmetry [6]. 

A convenient microscopic realization of such boundary theories is provided by quantum three-state 

Potts chains with appropriately chosen interactions. Depending on the Hamiltonian, the edge may 

exhibit stable gapless behavior described at low energies by conformal field theories (CFTs), whose 

operator content encodes the anomalous realization of the protecting symmetry. The critical properties 

of these edge states are characterized by universal quantities such as the central charge, scaling 

dimensions, and symmetry quantum numbers of the primary fields [7, 8]. 

Recent studies suggest that the edge states of ℤ3-protected SPT phases can be naturally related to 

coset conformal field theories of the form 
𝑆𝑈(3)𝑘

𝑆𝑈(2)𝑘
, with central charge 𝑐 =

8𝑘

𝑘+3
−

3𝑘

𝑘+2
. For 𝑘 = 1, this 

gives 𝑐 = 1, in agreement with numerical studies of the simplest ℤ3 SPT edge Hamiltonian. More 

elaborate SPT constructions with enlarged symmetry, such as (ℤ3)
3, are conjectured to correspond to 

higher-level coset theories. In particular, the 𝑘 = 2 theory gives 𝑐 =
26

15
≃ 1.73, which is close to the 

numerical value obtained for the corresponding (ℤ3)
⊗3 SPT edge model. This suggests a possible 

unified conformal description of the critical edge dynamics of this class of models [8, 9, 10, 11, 12, 

13]. 

An important aspect of these edge theories is the realization of the protecting (× ℤ3)
3 symmetry. 

Rather than acting trivially on the low-energy degrees of freedom, the symmetry should be encoded in 

the current algebra of the continuum theory and in the transformation properties of its primary fields. 

Demonstrating that the lattice edge model and the candidate continuum CFT realize the same ℤ3 

anomaly would provide strong evidence that they belong to the same universality class [6]. 

Understanding this correspondence remains an important problem in the theory of SPT phases and 

illustrates the deep relation between topology, symmetry, and conformal field theory [2, 3]. 

In the present work, we consider the edge Hamiltonian of a two-dimensional paramagnetic SPT 

Potts model with (× ℤ3)
3 symmetry and investigate its continuum limit in terms of fermionic fields. 

Starting from the lattice Hamiltonian, we reformulate the relevant operators using a constrained 

Schwinger-like fermionic representation and derive the corresponding low-energy continuum 

Hamiltonian. Our aim is to clarify the origin of the gapless edge excitations and to establish a direct 

connection between the microscopic lattice description and the proposed 𝑆𝑈(3)2/𝑆𝑈(2)2 coset 

conformal field theory. 

 

2. Continuum limit of the edge Hamiltonian 

The edge Hamiltonian of the discrete (× ℤ3)
3 = ℤ3 × ℤ3 × ℤ3 chain model was introduced in [11]. 

Let us write it with arbitrary real couplings 𝜆, 𝜆‾ in the following form: 
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 𝐻(𝜆, 𝜆‾) = −𝜆∑ (𝑋𝑖 + 𝑋𝑖
+)𝑖 − 𝜆‾ ∑ (𝑍𝑖−1

+ (𝑋𝑖 + 𝑋𝑖
+)𝑍𝑖+1 + 𝐻. 𝑐. )𝑖  (2.2) 

Here 𝑍𝑖 and 𝑋𝑖 are the usual ℤ3 symmetric matrix generators attached to each site 𝑖 of the discrete 

spin-1 (|𝑣1⟩𝑖, |𝑣2⟩𝑖, |𝑣3⟩𝑖) vector chain: 

 𝑍𝑖
3 = 1, 𝑋𝑖

3 = 1, 𝑍𝑖𝑋𝑖 = 𝜀𝑋𝑖𝑍𝑖, 𝑍𝑖|𝑣𝑘⟩𝑖 = 𝜀𝑘|𝑣𝑘⟩𝑖, 𝑋𝑖|𝑣𝑘⟩ =|𝑣𝑘+1⟩, 𝜀3 = 1. (2.3) 

A direct attempt to take the continuum limit of this lattice Hamiltonian by setting 

 𝑍𝑖 = 𝑍(𝑥𝑖), 𝑥𝑖±1 = 𝑥𝑖 ± 𝑎, 𝑎 → 0,    and   𝑍𝑖±1 = 𝑍𝑖 ± 𝑎 ∂𝑍𝑖 , (2.4) 

leads to the following expression. 

𝐻(𝜆, 𝜆‾) = −𝜆∑ (𝑋𝑖 + 𝑋𝑖
+)𝑖 − 𝜆‾ ∑ [(𝑍𝑖

+ − 𝑎 ∂𝑍𝑖
+)(𝑋𝑖 + 𝑋𝑖

+)(𝑍𝑖 + 𝑎 ∂𝑍𝑖) + ℎ. 𝑐. ]𝑖

= − (𝜆 − 𝜆‾)∑ (𝑋𝑖 + 𝑋𝑖
+)𝑖 − 𝜆‾𝑎(𝜀 − 𝜀+)∑ [𝑍𝑖

+ ∂𝑍𝑖(𝑋𝑖 − 𝑋𝑖
+) + (𝑋𝑖 − 𝑋𝑖

+)𝑍𝑖
+ ∂𝑍𝑖]𝑖 .

 (2.5) 

Here 𝑎 is the lattice spacing, and we have used the relations 

 𝜀 + 𝜀+ = −1 and 𝑍𝑖
+ ∂𝑍𝑖 = −∂𝑍𝑖

+𝑍𝑖 (2.6) 

The operator 𝑍 can be expressed in terms of the Hermitian operator 𝑆𝑧 as 𝑍 = 𝜀𝑆𝑧, where 𝜀 =
𝑒𝑖2𝜋/3. This relation implies 

 𝑍+ ∂𝑍 = ln𝜀  ∂𝑆𝑧 ,  𝑍 ∂𝑍+ = −ln𝜀  ∂𝑆𝑧 . (2.7) 

These relations can be treated as a kind of bosonization of the 𝑍3 degrees of freedom. We observe 

that the last term in (2.5) is anti-Hermitian, although the original lattice Hamiltonian is Hermitian. This 

indicates that some care is required in performing the continuum expansion and, in particular, in 

treating the Hermitian-conjugate contribution. 

Let us write the lattice expression (2.2) first in the form 

 𝐻(𝜆, 𝜆‾) = −𝜆∑ 𝑋𝑖𝑖 − 𝜆‾ ∑ [𝑍𝑖−1
+ 𝑋𝑖𝑍𝑖+1 + 𝑍𝑖−1𝑋𝑖𝑍𝑖+1

+ ]𝑖 + [ℎ. 𝑐. ]. (2.8) 

To obtain the continuum limit of the Hamiltonian (2.8) we use Eqs. (2.4) and (2.6) and replace ∑𝑖

→∫ . The Hamiltonian becomes 

 𝐻(𝜆, 𝜆‾) = −𝜆∫ 𝑋 − 𝜆‾(𝜀 + 𝜀+)∫ 𝑋 − 𝑎𝜆‾(𝜀 − 𝜀+)∫ (𝑍+ ∂𝑍𝑋 + 𝑋𝑍+ ∂𝑍) + [ℎ. 𝑐. ]. (2.9) 

Now, writing explicitly the Hermitian conjugate part one obtains the Hermitian expression 

 𝐻(𝜆, 𝜆‾) = −(𝜆 − 𝜆‾)∫ (𝑋 + 𝑋+) − 𝜆‾𝑎(𝜀 − 𝜀+)∫ {𝑍+ ∂𝑍, (𝑋 + 𝑋+)}.  (2.10) 

Using (2.7), we can represent the Hamiltonian as follows 

 𝐻(𝜆, 𝜆‾) = −(𝜆 − 𝜆‾)∫ (𝑋 + 𝑋+) − 𝜆‾𝑎
2𝜋

√3
∫ {𝑋 + 𝑋+, ∂𝑆𝑧}. (2.11) 

It is useful to make a few remarks concerning this continuum expression: 

Note 1. In the basis where the operator 𝑋 is diagonal, the first term in (2.11), when rewritten in the 

particle representation, should contain a mass term. Consequently, at 𝜆 = 𝜆‾ the corresponding particle 

excitations become massless. This is consistent with the conformal field theory prediction of [11]. 

Note 2. For completeness, we can rewrite the operator 𝑋 in terms of the new operator 𝑆𝜙, defined 

through 𝑋 = 𝜀𝑆𝜙, 

 𝑆𝜙 =
𝑖

√3
(
0 −1 1
1 0 −1
−1 1 0

) . (2.12) 

This operator can also be expressed in terms of the 𝑆3 generators 𝑋± as 𝑆𝜙 =
𝑖

√3
(𝑋+ − 𝑋). 

Replacing the combination (𝑋 + 𝑋+) by 2𝑆0 + 2(cos[2𝜋/3] − 1)𝑆𝜙
2 , where 𝑆0 denotes the identity 

operator, the Hamiltonian takes the form 

 𝐻(𝜆, 𝜆‾) = (𝜆‾ − 𝜆)∫ (2𝑆0 − 3𝑆𝜙
2) − 𝜆‾𝑎

2𝜋

√3
∫ {2𝑆0 − 3𝑆𝜙

2 , ∂𝑆𝑧}, (2.13) 
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Note 3. It is also possible to express the operators 𝑆0, 𝑆𝜙, 𝑆𝑧 in terms of the generators of the 𝑆𝑈(3) 

group: 

𝑆𝜙 =
1

√3
(𝜆2 − 𝜆5 + 𝜆7), 

𝑆𝑧 =
1

2
(𝜆3 + √3𝜆8),  𝑋 + 𝑋+ = 𝜆1 + 𝜆4 + 𝜆6, 

where 𝜆𝑖,  𝑖 = 1,2,⋯8 are the Gell-Mann matrices. 

 

Fermionization. 

The Jordan-Wigner transformation relates a spin-1/2 chain to a system of spinless fermions [14], 

which is particularly useful for the diagonalization of models whose fermionic Hamiltonians are 

quadratic, such as the Ising and XY models [15, 16]. For symmetry-protected topological spin models, 

an alternative description is usually formulated in terms of parafermions [8, 17]. Here, however, we 

present a formulation in terms of ordinary fermions [16, 18, 19]. 

A direct higher-dimensional generalization of the Jordan–Wigner transformation to spin-1 models, 

formulated in terms of two species of spinless fermions, generally produces a Hamiltonian containing 

non-local terms [16, 20, 21]. Attaching two kinds of fermions 𝑐↑, ; 𝑐↓ to each lattice site, the ℤ3 

generators can be represented as follows (below 𝑛↑/↓ = 𝑐↑/↓
+ 𝑐↑/↓). 

𝑋 = (1 − 𝑛↑)𝑐↓
+ + (1 − 𝑛↓)𝑐↑ + 𝑐↑

+𝑐↓, 𝑋+ = (1 − 𝑛↑)𝑐↓ + (1 − 𝑛↓)𝑐↑
+ + 𝑐↓

+𝑐↑,

𝑍 = 1 + 2𝑛↑𝑛↓ + (𝜀 − 1)𝑛↑ + (𝜀∗ − 1)𝑛↓, 𝑍+ = 1 + 2𝑛↑𝑛↓ + (𝜀∗ − 1)𝑛↑ + (𝜀 − 1)𝑛↓.
 (2.14) 

To take into account the anticommutation relations of fermionic operators attached to different 

lattice sites, one must introduce a generalized Jordan–Wigner transformation by equipping each 

fermionic operator with a product of non-local string operators, 

 𝑐𝛼,𝑖
± → 𝑐𝛼,𝑖

± 𝑒∓𝑖𝜋∑ 𝑐𝛼,𝑘
+

𝑘<𝑖,𝛼=↑,↓ 𝑐𝛼,𝑘  (2.15) 

The odd powers of the particle creation and annihilation operators appearing in 𝑋± then generate 

non-local fermionic terms in the Hamiltonian (2.2). 

Thus, in order to avoid the problem of non-locality, we introduce a set of three fermionic operators 

𝑐𝛼, 𝑐𝛼
+, 𝛼 = 1,2,3, attached to each site of the chain. We interpret the species index 𝛼 = 1,2,3 as a color 

degree of freedom. The three basis states are identified as 𝑐𝛼
+|0⟩ =|𝛼⟩, 𝛼 = 1,2,3. The ℤ3 operators 𝑍 

and 𝑋 are chosen in the form 

 

𝑍 = 𝑛1 + 𝑛2𝑛3 + 𝜀(𝑛2 + 𝑛1𝑛3) + 𝜀+(𝑛3 + 𝑛1𝑛2) = ∑ 𝜀𝛼−13
𝛼=1 (𝑛𝛼 + 𝑛𝛼+1𝑛𝛼+2),

𝑋 = 𝑐1
+𝑐2(1 − 𝑛3) + 𝑐2

+𝑐3(1 − 𝑛1) + 𝑐3
+𝑐1(1 − 𝑛2) = ∑ 𝑐𝛼

+3
𝛼=1 𝑐𝛼+1(1 − 𝑛𝛼+2),

𝑛𝛼 = 𝑐𝛼
+𝑐𝛼,  𝑍𝑋 = 𝜀𝑋𝑍,  𝑐𝛼+3 = 𝑐𝛼,  𝜀3 = 1.

 (2.16) 

These operators annihilate the unphysical states |0⟩, |𝛼, 𝛽⟩𝛼≠𝛽, and |1,2,3⟩. The physical Hilbert 

space is therefore restricted to the single-occupancy sector, ∑ 𝑛𝛼𝛼 = 1, and the corresponding 

projector can be written as 𝑃 = 𝛿(∑ 𝑛𝛼
3
𝛼=1 − 1). 

In this “Schwinger-type” fermionization, the Jordan–Wigner non-local string operator 𝑒𝑖𝜋∑ 𝑛𝑘𝛼
𝑁,3
𝑘,𝛼  

does not appear explicitly in the Hamiltonian, since all ℤ3 generators are represented by expressions 

containing even powers of the fermionic creation and annihilation operators. 

Note 4. For the full lattice, the total projector ∏ 𝛿𝑘 (∑ 𝑛𝛼𝑘
3
𝛼=1 − 1) appearing in the transfer matrix 

Tr[exp(−𝐻/𝑇)] can be represented as an integral over auxiliary scalar fields 𝐽𝑘: 

 ∏ 𝛿𝑘 (∑ 𝑛𝛼𝑘
3
𝛼 − 1) = ∫ ∏ 𝑑𝑘 𝐽𝑘exp{𝑖𝐽𝑘(∑ 𝑛𝛼𝑘

3
𝛼 − 1)} = ∫ ∏ 𝑑𝑘 𝐽𝑘exp𝑖𝐽𝑘(𝑇𝑟𝑆𝑘

0 − 1).  (2.17) 

Here 𝑇𝑟 denotes the trace of the matrix 𝑆𝑘
0 over the color indices. By combining (2.13) with (2.17), 

one obtains the following continuum limit of the Hamiltonian (2.8) 
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𝐻 (𝜆, 𝜆‾, 𝐽(𝑥), 𝑐𝛼(𝑥)) = (𝜆‾ − 𝜆)∫ (2𝑆0 − 3𝑆𝜙

2) −
2𝜋𝑎𝜆‾

√3
∫ {2𝑆0 − 3𝑆𝜙

2 , ∂𝑆𝑧}

− 𝑖∫ 𝐽(𝑥)(𝑇𝑟𝑆0 − 1),  
 (2.18–2.19) 

where the operators 

 𝑆𝜙 =
𝑖

√3
(𝑋+ − 𝑋) and  𝑆𝑧 =

𝑖

√3
(𝑍+ − 𝑍) (2.20) 

can be represented entirely by colored fermionic operators 𝑐𝛼(𝑥), 𝑐𝛼
+(𝑥), defined by (2.16), whereas 

Lagrange multipliers 𝑇𝐽𝑘 form a scalar field 𝐽(𝑥). 
 

3. Ground state energy calculations: fermionic expressions and some manipulations 

Let us rewrite the expression (2.19) at the critical point 𝜆 = 𝜆‾ in an explicit fermionic 

representation, employing a mean-field approximation and imposing periodic boundary conditions. 

Our main goal is to estimate the ground-state energy within this approximation. At this stage, we do 

not consider the Hamiltonian supplemented by the auxiliary scalar field 𝐽(𝑥). Instead, we evaluate the 

Hamiltonian (2.8) directly using the fermionic representation (2.16), restricted to the three-dimensional 

physical Hilbert space spanned by single-state basis states |𝛼⟩, 𝛼 = 1,2,3. All operators that vanish on 

these vectors must be ignored. 

Taking into account the restriction to the physical fermionic Hilbert space imposed by the 

projectors, at 𝜆 = 𝜆‾ the surviving term of the Hamiltonian can be expressed in terms of the fermionic 

operators as follows (below we use the notation 𝑛𝛼(𝑥) = 𝑐𝛼
+(𝑥)𝑐𝛼(𝑥)): 

 −𝜆‾ ∫ 𝑑
𝐿

0
𝑥 ∑ [𝑐𝛼

+(𝑥)𝑐𝛼+1(𝑥) ∂𝑥𝑛(𝑥)𝛼+1 − ∂𝑥𝑛(𝑥)𝛼𝑐𝛼
+(𝑥)𝑐𝛼+1(𝑥)]𝛼 + ℎ. 𝑐. (3.21) 

This Hamiltonian can be separated into two parts: a quadratic contribution and a fourth-order 

fermionic interaction term, 

 
𝜆‾ ∫ 𝑑

𝐿

0
𝑥 ∑ [(∂𝑥𝑐𝛼

+(𝑥))𝑐𝛼+1(𝑥) − 𝑐𝛼
+(𝑥)(∂𝑥𝑐 ∗ 𝛼 + 1(𝑥)) + ℎ. 𝑐. ]𝛼

+ 𝜆‾ ∫ 𝑑
𝐿

0
𝑥 ∑ [𝑐𝛼

+(𝑥)(∂𝑥𝑐𝛼+1(𝑥))𝑛(𝑥)𝛼+1 − 𝑛(𝑥)𝛼(∂𝑥𝑐𝛼
+(𝑥))𝑐𝛼+1(𝑥) + ℎ. 𝑐. ]𝛼

 (3.22) 

The first term can be evaluated directly in the Fourier basis, i.e., in terms of fermions in momentum 

space. As usual, we introduce the continuum normalization 𝑐(𝑥) =
𝑐𝑖

√𝑎
, ∫ 𝑑

𝐿

0
𝑥 = 𝑎∑𝑁

𝑖 , and 𝑐(𝑝) =

1

𝐿
∫ 𝑑
𝐿

0
𝑥, 𝑐(𝑥)𝑒−2𝜋𝑖

𝑝𝑥

𝐿 . 

For each momentum 𝑝, one is then led to diagonalize the following Hermitian operator in the space 

of single-particle states generated by the creation operators 𝑐𝛼
+(𝑝) acting on the vacuum state |0⟩: 

 𝑖𝑝 (
0 −1 1
1 0 −1
−1 1 0

) . (3.23) 

The eigenvalues of this operator, ±√3𝑝, 0, indicate that, within this first approximation, the ground 

state is constructed by occupying the single-particle states corresponding to the negative-energy 

branch. 

|𝑣0(𝑝)⟩ =
1

2√3
{(𝑖√3 − 1)𝑐1

+(𝑝) − (𝑖√3 + 1)𝑐2
+(𝑝) + 2𝑐3

+(𝑝)}| 0⟩, 

whose energy is ∼ −∫ 𝑑𝑝√3𝑝. 

For the second term, as a preliminary mean-field approximation, we replace the particle-number 

operators by their expectation values in the approximate ground state, 

 ⟨𝑣0(𝑝)|𝑛𝛼(𝑝)|𝑣0(𝑝)⟩ =
1

3
, (3.24) 
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which is consistent with the requirement ∑ 𝑛𝛼
3
𝛼=1 = 1 and then evaluate the remaining quadratic 

fermionic Hamiltonian in the standard way. The condition ⟨|𝑛𝛼(𝑝)⟩ =
1

3
 was also set to ensure 𝑍3 

invariance of the ground state in color space 𝛼 = 1,2,3, and we have seen that the chosen ground state 

preserves this symmetry (3.24). This replacement produces an additional contribution to the ground-

state energy of the form ∼
1

𝐿
∫ 𝑑𝑝

𝑝

√3
. The corresponding numerical coefficients should, of course, be 

corrected within a more refined treatment of the interaction term. 

Note 5. Another interesting feature of this heuristic calculation is that, at the critical point 𝜆 = 𝜆‾, 

assuming that the ground-state energy of the second term can be approximated as 
𝜋√3

6𝐿
, one obtains the 

central charge 𝑐 = √3 ≈ 1.73 by comparing this finite-size correction with the universal Casimir 

contribution to the ground-state energy for periodic geometries [7, 22, 23]. This value is remarkably 

close to the central charge expected for the proposed continuum description, although the present 

estimate should be regarded as preliminary because it relies on the mean-field treatment of the 

interaction term. 

For the 𝑍2𝑁-symmetric model with a similar Hamiltonian, analogous calculations, in which the 

spin degrees of freedom are represented by 2𝑁 species of spinless fermions, lead to higher-order 

derivative terms in the continuum limit. 

 

4. Conclusion 

In this work, we have derived the continuum limit of the edge-state Hamiltonian for a ℤ3 symmetry-

protected topological model. The lattice Hamiltonian was first reformulated in terms of 𝑆3 generators 

and subsequently represented using a constrained fermionic (Schwinger-like) formulation. An 

attractive feature of this representation is that the relevant operators are expressed entirely in terms of 

fermionic bilinears, while the non-local Jordan–Wigner string operators do not appear explicitly. 

At the critical point 𝜆 = 𝜆‾, the continuum Hamiltonian naturally separates into a kinetic 

contribution and an interaction term. The kinetic part gives rise to gapless excitations with a linear 

dispersion relation, in agreement with the expected conformal description of the edge theory. Within 

a simple mean-field treatment of the interaction term, we obtained a preliminary estimate of the finite-

size correction to the ground-state energy. Remarkably, this heuristic calculation leads to the value 

𝑐 = √3 ≈ 1.73, 

which is very close to the numerical result for the central charge reported in Ref. [11] and supports the 

proposed conformal description of the critical edge theory. 

Although the present derivation relies on several approximations, the results suggest that the 

constrained fermionic formulation provides a natural framework for describing the low-energy 

continuum theory of ℤ3 SPT edge states. A more systematic treatment of the interaction term, together 

with an explicit implementation of the projector enforcing the physical Hilbert space, should allow for 

a controlled derivation of the effective conformal field theory and its finite-size spectrum. It would 

also be interesting to extend this approach to higher ℤ𝑁 and non-Abelian symmetry-protected 

topological phases, for which analogous fermionic continuum descriptions may emerge. 
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